Recently, the Casimir pressure was calculated for infinitely thin and infinitely repulsive parallel plates due to quantum fluctuations of the quasiparticle vacuum in a zero-temperature dilute Bose-Einstein condensate (BEC). We generalize this result and obtain an expression for the Casimir pressure in a three-dimensional rectangular cavity with Dirichlet boundary conditions and arbitrary lengths. We then calculate finite size corrections to the parallel plate scenario. *
Introduction
In the last eight years or so, the Casimir force [1] has been successfully measured by many experiments. Lamoreaux's 1997 landmark experiment [2] with a torsion pendulum reduced errors dramatically compared to the early 1958 experiment by Spaarnay [3] . The force was subsequently measured more precisely in 1998 using an atomic force microscope [4] and the measurements agreed with theoretical predictions to within 1% after finite conductivity, roughness and temperature corrections were taken into account. Other experimental studies since then can be found in [5, 6, 7, 8, 9, 10, 11, 12, 13, 14] .
All the measurements of the Casimir force to date have been limited to the case of the electromagnetic field. However, experiments may soon (or may already have done so indirectly) measure the Casimir force for a massless scalar field. Quantum fluctuations of the quasiparticle vacuum in a zerotemperature dilute Bose-Einstein condensate (BEC) should give rise to a measurable Casimir force as explained in two recent papers [15, 16] . The authors state that indirect effects from these quantum fluctuations may have already been observed [17, 18, 19, 20] . Note that this is a real Casimir effect due to quantum fluctuations in contrast to thermal fluctuations. In [16] the authors make the important observation that though the dispersion relation for quantum fluctuations in a BEC is nonlinear, the Casimir energy picks out the long wavelength linear behaviour. This is the linear dispersion obeyed by a massless scalar field. The Casimir pressure P C for infinitely thin and infinitely repulsive plates separated by a distance d and immersed in a zero-temperature three-dimensional dilute Bose-Einstein condensate is, to leading order, given by [16] :
where v is the speed of sound. This leading order result is the same as the Casimir pressure for massless scalar fields moving with the speed of sound v confined to parallel plates with Dirichlet boundary conditions. One can therefore take the view that this constitutes the Casimir force due to quantum fluctuations of a massless scalar field.
We review the calculation of P C and calculate the correction P corr to the leading order. We show that the ratio of the correction to leading order is much less than 1. This confirms that we can calculate the Casimir pressure using the linear dispersion of a massless scalar field instead of the nonlinear Bogoliubov dispersion relation of the BEC. We take advantage of this equality by making use of formulas for the Casimir energy of massless scalar fields in d-dimensional rectangular cavities of arbitrary lengths L 1 , . . . , L d [21] . We obtain expressions for the Casimir pressure on plates in a three-dimensional rectangular cavity with Dirichlet boundary conditions and calculate the finite-size effect.
2 Relationship between Casimir force in BEC and massless scalar fields
In this section we follow closely the first page of [16] in defining the parameters of the BEC and in order to get to the place where we calculate the correction P corr to the leading order Casimir pressure. Our goal here is to justify using in the next section formulas for the Casimir energy of massless scalar fields. Consider a zero-temperature BEC characterized by an interparticle contact pseudopotential, g δ (3) (r), where g = 4 πh 2 a/m is determined by the 2-particle positive scattering length a and the mass m of the atoms. We assume the condensate is dilute such that ρ 0 a 3 << 1 where ρ 0 is the condensate density. The contribution from quantum fluctuations to the ground state energy of a zero temperature homogeneous dilute BEC is given by [16, 22, 23] :
where k = |k|, e 0 k =h 2 k 2 /(2m) and E B = (e 0 k ) 2 + 2 ρ 0 g e 0 k 1/2 is the Bogoliubov dispersion relation. We assume the plate separation d to be much greater than the healing length so that d
As
, which apart from a constant, is the linear dispersion relation of a massless scalar field moving with the speed of sound v. It is convenient to express E(k) in terms of v:
For parallel plates separated by a distance d in an
where the n's start at 1 for Dirichlet boundary conditions (infinitely repulsive plates). When L 1 and L 2 are very large
The energy per unit area is then given by
where
The parameter Λ ensures convergence of the integral (i.e. though E(k) → 0 as k → ∞, the integral to infinity is not finite). We now use the EulerMaclaurin formula as in [16] to subtract out the continuum part. The Casimir pressure is then given by
where P scalar is the leading order result (1) obtained in [16] and is exactly equal to that for a massless scalar field. P corr is the correction due to the fact that we are not using the linear dispersion relation of a massless scalar field but the full nonlinear Bogoliubov dispersion relation of the BEC. The ratio of the correction P corr to the leading order result is equal to
The ratio is very small because of the assumed condition stated previously that d is much greater than the healing length. The ratio is the square of a number which is already much less than 1. To within this small correction, the Casimir pressure due to quantum fluctuations of the quasiparticle vacuum in the zero-temperature dilute BEC is equal to the Casimir pressure due to quantum fluctuations of a massless scalar field moving with the speed of sound v.
It is worth noting that each of the odd-derivatives f 2p−1 (0) appearing in (7) is a contribution to the Casimir pressure coming from each term in the series expansion of E(k) about k = 0 i.e.
. (9) In other words, the Casimir energy picks out the long wavelength behaviour term by term. The first term in the above expansion is a constant and does not contribute to the Casimir pressure. The next term proportional to k is the linear dispersion relation of a massless scalar field and this contributes the leading order Casimir pressure P scalar . The next term which is proportional to k 2 does not contribute to the Casimir pressure. This can be seen from the fact that the integral f (n) given by (6) with k 2 = (nπ/d) 2 + r 2 yields a term proportional to n 2 whose odd-derivatives evaluated at zero are zero or alternatively one obtains ζ(−2) = 0 using zeta function regularization. The k 3 term is responsible for the correction P corr . Let us show this explicitly. The function f (n) with The Casimir pressure is much smaller than in the electromagnetic case because the speed of sound is much less than the speed of light. We quote directly from [16] : "Although this force is 10 6 times smaller than the Casimir force in an EM vacuum and we have not included finite size effects present in experiments, this force could, in principle be measured providing direct evidence of quantum fluctuations in these systems." We have now seen that such experiments could be interpreted as measuring the Casimir force due to quantum fluctuations of a massless scalar field.
3 Casimir pressure of BEC in three-dimensional cavity and finite-size correction to parallel plate
The goal in this section is to obtain expressions for the Casimir pressure arising from quantum fluctuations in a zero-temperature dilute BEC confined to a three-dimensional rectangular cavity with dimensions
with Dirichlet boundary conditions. After obtaining expressions for the Casimir energy of the BEC in the general three-dimensional cavity, we then determine the finite-size correction to the Casimir pressure in the parallel plate scenario. As in the previous section, all three lengths are assumed to be greater than the healing length.
Consider a zero-temperature dilute BEC with the same properties discussed in the previous section. As in the parallel plate result (1), the only parameter of the BEC that enters in our calculations is the speed of sound v = ρ 0 g/m. We take advantage of the equality between the Casimir force for a BEC and a massless scalar field by making use of recently derived formulas for the Casimir energy of massless scalar fields moving with speed v in a d-dimensional rectangular cavity of arbitrary lengths L 1 , . . . , L d [21] . The speed v in this context is the speed of sound in the BEC. The Casimir energy in [21] was conveniently expressed as a compact analytical part plus remainder. For periodic boundary conditions (insertingh) the Casimir energy is given by [21] :
where the remainder R j is given by
.
(11) The prime means that the case where all ℓ's are zero is excluded. There is no remainder for j = 0 (it starts at j = 1). As discussed in [21] , the remainder term is small if we label the longest length L 1 , the next greatest length L 2 , etc. In three dimensions, we therefore label the lengths such that
There is a clear physical interpretation to the analytical and remainder part in (10) which is discussed in section 3 of [21] . The analytical part is the sum of individual parallel plate energies out of which the rectangle is constructed while the remainder is a small contribution due to the nonlinearity of the energy. For a cube with Dirichlet boundary conditions the remainder is 0.42% of the Casimir energy (a table of numerical results can be found in section 5 of [21] ). For three arbitrary lengths, the remainder is even smaller than in the case of the cube.
The Casimir pressure P C , Eq. (1), was calculated for infinitely thin and infinitely repulsive plates. In [21] , these conditions are equivalent to our Dirichlet boundary conditions (and infinitely thin plates are implicitly assumed). The Casimir energy for Dirichlet boundary conditions can be expressed as sums over the periodic Casimir energy E p i.e.
where the sum is over all sets {k 1 , . . . , k m } with
Note that the replacement L 1 by L k 1 , etc. must also be performed inside the remainder term R j given by (11) . By substituting (10) into (12) one obtains
(13) From (13) we easily obtain the Dirichlet Casimir energy in three dimensions (d = 3):
where R is the remainder contribution given by
The remainders R 1 and R 2 are sums over Bessel functions given by (11) i.e.
Note that only the ratios of lengths appear in the remainders and that
has a maximum value of 9.87 × 10 −4 which occurs when n = ℓ = 1 and L 1 /L 3 = 1. As the ratio of lengths increases, the Bessel function decreases exponentially fast and becomes tiny quickly. For example, if L 1 /L 3 = 10, then K 1 (2 π 10) is of order 10 −28 . One obtains the same order of magnitude for K 3/2 (2 π 10).
In the parallel plate scenario, the plate separation is the smallest of the three lengths and is therefore L 3 . The Casimir pressure on the plates is then obtained by taking the derivative with respect to the L 3 direction:
where P R is the contribution of the remainder and is given by
where the primes are derivatives with respect to L 3 . These derivatives are trivial to evaluate using the expressions (16) and yield again Bessel functions. Equation (17) together with (18) yields the Casimir pressure for a zero-temperature dilute BEC confined to any three-dimensional rectangular cavity with Dirichlet boundary conditions (infinitely repulsive walls).
The interpretation of (17) is straightforward. When L 1 → ∞ and L 2 → ∞, only the first term survives and one recovers the parallel plate result (1) i.e.
The other three terms in (17) are the finite size corrections and depend on the ratios L 1 /L 3 and L 2 /L 3 and their inverse. For the parallel plate scenario, where L 1 and L 2 are considerably longer than the plate separation L 3 (say a factor of ten or greater), P R is orders of magnitude smaller than the other two correction terms because the Bessel functions and their derivatives are then tiny. It is therefore an excellent first approximation to drop P R to determine the finite size correction in the parallel plate scenario. Let us therefore make a few quick numerical calculations. We quote results in units ofh v/L 4 3 . In these units P C = −π 2 /480 = −0.02056. Consider the case where L 1 and L 2 are each 10 times longer than the plate separation L 3 . Then P = −π 2 /480 + ζ(3)/(80 π) − π/9600 = −0.01611. The force is still attractive but considerably weaker. It constitutes a 21.6% difference from P C . If L 1 and L 2 are 100 times longer than L 3 , then P = −0.02009. This constitutes a 2.3% change from P C .
Physical situations may arise where Neumann boundary conditions are more appropriate. In this case, the formula for the pressure P given by (17) and the remainder P R given by (18) are modified in a trivial fashion. The '+' sign in front of ζ(3) in (17) changes to a '-' sign and one switches in P R the signs of its associated remainders R 1 and R ′ 1 , while the signs for R 2 and R ′ 2 remain the same.
